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The Spectral Gap of the 2-D Stochastic Ising Model
with Nearly Single-Spin Boundary Conditions

Kenneth S. Alexander!
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We establish upper bounds for the spectral gap of the stochastic Ising model at
low temperature in an N x N box, with boundary conditions which are “plus”
except for small regions at the corners which are either free or “minus.” The
spectral gap decreases exponentially in the size of the corner regions, when these
regions are of size at least of order log N. This means that removing as few as
O(log N) plus spins from the corners produces a spectral gap far smaller than
the order N 2 gap believed to hold under the all-plus boundary condition. Our
results are valid at all subcritical temperatures.
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1. INTRODUCTION AND MAIN THEOREM

Let Ac Z*and let ne {—1,0, 1}°". Here 04 = {x € Z*\4: x is adjacent to
some site in A}. The Hamiltonian for the Ising model on A4 with boundary
condition 7 is

H,,(e)=— Y o0,0,— Y o, oef{—-11}1

{(xyyix,yed {xyy:xed,yedd

where the first sum is over unordered pairs of adjacent sites. Let u = ,uﬁ’,,
denote the equilibrium measure when the inverse temperature is £:

ph(0) = (Zh,) "t e PHan®,
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where Z% , is the partition function. Let X, = {—1, 1} be the configura-
tion space, and let 0 =0, denote a generic configuration. (When conve-
nient we write “+”” and “— " in place of 1 and —1 for the two spins.)

We consider the time evolution of the dynamic version of the model
under Glauber dynamics. Let ¢* denote the configuration given by
o,= —o0, for y=x, 0, =0, for y# x. The flip rate at a site x when the
configuration is ¢ is denoted c(x, o) (notationally supressing its possible
dependence on 4, 7.) We assume that the flip rates are uniformly bounded:

O0<cp<c(x,0)<c forall x,o,4,7.

We also make the usual assumptions that the flip rates are attractive and
translation invariant, satisfy detailed balance and have finite range; see,
e.g., ref. 15 for full descriptions of these properties. The generator 4 = Aﬂ’,,
of the corresponding Markov process is given by

(Af)o) =Y c(x, 0)(f(e®) = f(0)),

xed

and the Dirichlet form 2 = 2/, by

D(f,8) =S, A

so that

2(f, )=-1 % 2 wo)(x,0)(f(c*)—f(0))’,

xed o€y

where y = ,uﬁ,,,. The spectral gap 4 = A(4, n, B) for such dynamics, which is
the smallest positive eigenvalue of — A4 ﬁ’,,, has the following representation:

A(4, 3, f)=inf _2(4 0 1.1)

rew var,(f)’

where var,(f) denotes the variance of f. The gap 4 describes the rate of
exponential convergence in L*(u/ ,) to equilibrium, in the sense that for
S(-) the semigroup generated by A4 and ||-||, the L?(x) norm, 4 is the
largest constant such that

e ®  forall feL*u) and ¢>0.

i
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We say that two configurations o,0¢’€ X', are adjacent if for some
x e Awehave o, # 0, but g, =g, for all y # x. For S c X', define

0,8 = {0 € S : g is adjacent to some configuration in S°}.

Considering only indicator functions we obtain

)
. u'y (0, D)
A(A, 5, B) <c, |4l inf 1
Umh<ald fof (D)1= (D))

Let Ay =[—N, N]? and A, = A, n Z2 Let I, and /, denote the hori-
zontal and vertical axes, respectively, and consider the boundary condition
n*< given for k > 0 and e € {0, —1} by

(1.2)

1, if d(x, 1)<k or d(x 1)<k
W:{ (1) (x,1,) .

€, otherwise.

Here d( -, -) denotes Euclidean distance. As a special case of results in ref. 13
we have that for f very large, for some C, A depending only on J, § and €,

A Ay, 1", B)<Ce ™  forall 6<i and N>1. (1.4

Here we will generalize this as follows. Let ., denote the critical inverse
temperature of the Ising model on Z>.

Theorem 1.1. Letf>f,.
(1) For some C, K, A depending only on f, for all N>1 and k> 1
satisfying N—k > K log N,
A(Ay, %%, B) < Ce M0, (1.5

(ii)) For some C, K, A depending only on f, for all N>1 and k> 1
satisfying min(k, N—k) > K log N,

A(AN, ”k, —1’ ﬂ) < Ce—},mjn(k,N—k). (16)

By Theorem 1.2 below, the spectral gap changes by at most a constant
when a single boundary spin is changed; in particular this can be applied
in comparing k=1 to a completely free boundary. Thus Theorem 1.1(i)
essentially includes exponential decay of the gap under the free boundary
condition at low temperatures, a result obtained by Thomas.®”
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Theorem 1.1 generalizes (1.4) to all 6 <1 and § > f,, and shows that
the L? rate of convergence to equilibrium in the stochastic Ising model can
be quite slow even when the boundary condition is overwhelmingly of
a single spin, and otherwise free. For the full “plus” boundary condition
(k= N) at subcritical temperatures, it is believed” that the spectral gap is
of order N ~% Martinelli"® proved that for very low temperatures,

A(Ay, +, B) = exp(—A(8) N*%)  forall &> 0. (1.7)

Presuming N 2 is the correct rate for the “plus” boundary condition,
Theorem 1.1(i) shows that removing as few as O(log N) plus spins from the
corners of the box dramatically shrinks the spectral gap.

For k~c¢N with 0 <c <1, Theorem 1.1 shows that the spectral gap
decreases at least exponentially fast in N. Schonmann® showed that for
all #, all N and all § > 0, for some C = C(f),

C
Ay, 1, B) =+ e VN,

so the gap can never decrease faster than exponentially in N.

Our proof of Theorem 1.1 will use the method suggested by (1.2): we
find an event D with 0,,D much smaller than D. This event D is a variant of
the event that none of the four strips of “+” spins in 04, is connected to
any of the other strips by a path of “+” spins.

It would be of interest to establish similar lower bounds to go with the
upper bounds of Theorem 1.1, but this would most likely entail solving the
difficult open problem of obtaining a good lower bound for the gap for full
“plus” boundary conditions (k= N). With (1.7) now the best available
result and N ~2 the conjectured actual decay rate, such a bound does not
appear obtainable at present. However, the following simple result enables
us to relate k = N to smaller values of k, and shows conditionally on the
validity of the conjectured N 2 rate that lower bounds complementing (1.5)
and (1.6) do hold.

Theorem 1.2. Let f>0.

(i) There exists R = R(f) > 0 such that forall N, allye {—1,0, 1}
and all x € 04y, for ' satisfying 5, =5, for all y # x in 04y,

A(AN7 ’7’9 ﬂ) <IQA(‘AN’ n, ﬂ)
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(i) For some C, 1 depending only on £, forall 1 <k < N,

Ce_A(N—k)A(AN, +, B),
Ce_,lmjn(k,N—k)A(AN, +, ﬁ)a

A(ANa ”k’oa ﬂ)

=
A(ANa ”k’_la ﬂ) >

Here “+” denotes the all-plus boundary condition.

2. PRELIMINARIES

Throughout the paper, ¢, ¢,... and €, €,,... will be used to represent
constants which depend only on the temperature (or other parameters) of
the model. We use ¢; for constants which should be viewed as “small.”

Our proof will make use of the Fortuin—Kasteleyn random cluster
model, or briefly, the FK model (refs. 8-10; see also refs. 1 and 11) which is
a graphical representation of the Potts model. To discuss this, we need
some notation for bond configurations. By a bond we mean an unordered
pair {xy)» of adjacent sites in Z>. When convenient we view bonds as being
open line segments in the plane; this should be clear from the context.
Define the sets of bonds

B(A) = {{xyy:x,ye A}, B(A)={{xy):xedorye A}.

For general 4 c R?, we write #(A4) for #(AnZ?. Let Q,={0,1}7®,
A bond configuration is an element w € 2,; when convenient we alterna-
tively view w as a subset of %(A) or as a subgraph of (A4, %(A)). Bonds e
with @, =1 are open in w; those with w, =0 are closed. Let C(w) denote
the number of open clusters in w which do not intersect 04. For pe [0, 1]
and ¢ >0, the FK model P%% on (A, #(A)) with parameters (p, q) and
wired boundary condition is defined by the weights

W(w) = plml(l —-p) @(A)Iflwlqc(m) 2.1

Here |w| means the number of open bonds in w. More generally, given
pe {0,117 we define (wp) to be the bond configuration on the full
lattice which coincides with o on %(A) and with p on Z(A). Let C(w | p)
be the number of open clusters of (wp) which intersect 4. The FK model
P7% % with bond boundary condition p is given by the weights in (2.1) with
C(w) replaced by C(w | p). Alternately, given € { —1, 0, 1}°* define

V(d4,n)={we{0,1}%D 5, =y, for every x, y € 94 for which x < y in c,
w,=0forallee {{xy):xed, yedd,n,=0}}. 2.2
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Here x <> y means there is a path of open bonds connecting x to y. The
FK model P%? with site boundary condition # is given by the weights in
(2.1), multiplied by Jy, ,(w). Taking n, =0 for all x gives the FK model
with free boundary condition; we denote it P%4%. For a summary of basic
properties of the FK model, see ref. 11. In particular, since we are in two

dimensions, for p;é\/;[ / (1+\/(}) there is a unique translation-invariant
infinite-volume FK measure on %(Z?), which can be obtained as the limit
of P44 as A » Z* we denote this measure P??. For ¢ > 1, the FK model
has the FKG property. For

)4

PO pra=p)

and e € #(Z*), we have
PPiw,=1|wy,, b#e)=a(p, q) for every (w,, b # e).

Changing a single bond in the boundary condition changes the value of
C(w] p) by at most 1. It follows easily that for boundary conditions p, p’
differing at only one bond, we have

LY <qPh3, @3)

As shown in ref. 6, for § given by p=1—e~#, a configuration of the
Ising model on 4 with boundary condition # at inverse temperature f can
be obtained from a configuration w of the FK model at (p, 2) with site
boundary condition #, by choosing a label for each cluster of @ indepen-
dently and uniformly from {—1, 1}; this cluster-labeling construction yields
a joint site-bond configuration for which the sites are an Ising model and
the bonds are an FK model. When the parameters are related in this way,
we call the Ising and FK models corresponding. Alternately, if one selects
an Ising configuration ¢ and does independent percolation at density p on
the set of bonds

x> eBM o, =0},

the resulting bond configuration is a realization of the corresponding FK
model. We call this the percolation construction of the FK model. From
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Onsager’s exact solution of the Ising model (see ref. 18) and basic proper-
ties of the FK model (see ref. 11) the critical point S, of the Ising model
and the percolation critical point p, for the FK model with ¢ =2 are given
by

V2 2.4)
1+./2

The dual lattice (Z*)* is Z* shifted by (3, 1); sites and bonds of this
lattice are called dual sites and dual bonds. x* denotes x+ (3, 2). When nec-
essary for clarity, bonds of Z* are called regular bonds. To each regular
bond e there is associated a unique dual bond e* which is its perpendicular
bisector. For 9 « #(Z*) we write 2* for {e*: e € 2}. For A< (Z*)*, 04 is
defined as for 4 = Z?% but using adjacency in the dual lattice. The dual
bond e* is defined to be open precisely when e is closed, so that for each
bond configuration w on Z2 there is unique dual configuration w* on
(Z*)*. For p € [0, 1] the value p* dual to p at level q is given by

l—e#=p, =

p _1-p*
q(1—-p)  p* =

If the regular bonds are distributed as the infinite-volume FK model at
(p, q) on Z* with wired boundary condition, then the dual bonds form the
infinite-volume FK model at ( p*, ) on (Z?)* with free boundary condition
(see ref. 11.)

An Ising configuration ¢ € X, determines a set of contours, each
consisting of dual bonds e* € #(A)* for which the corresponding regular
bond e = {(xy) has g, # g,. In the joint Ising/FK configuration, therefore,
contours consist entirely of open dual bonds.

Given sets @ = 4 and a site configuration ¢ € 2 ,, we write g, for
{o,: x € @} and let #, denote the g-algebra generated by o,,. Similarly for
2 < #(A) and a bond configuration w € Q,, we write w, for {w,: e € 2}
and let %, denote the o-algebra generated by w,,.

An infinite-volume FK model P”? (or other bond percolation model)
is said to have the weak mixing property if there exist C, A such that, given
finite sets @ = 4 and any two bond boundary conditions p, and p, on
ZB(A)¢, we have

Var(P%4 (0gw@) € - ), P44 (0gqe) € -)) <C z e b=,
xed, y¢ A
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Loosely this says that the maximum influence, on a fixed region, of the
boundary condition decays exponentially to 0 as the boundary recedes to
infinity. Equivalently, for all events 4 € 4 and Be %,

|PPUB| A)—P"YB)|<C Y et 2:5)

xed,y¢ A

In contrast, P>? is said to have the ratio weak mixing property if there
exist C, 4 such that, given finite sets & — 4 and any two bond boundary
conditions p; and p, on #(A)°, we have for all events 4 € ¥, and B € %,

P> (AN B
_Pri4nB) <C Y et (2.6)
PP(A4) P"(B) xed i

whenever the right side of this inequality is at most 1. Note that (2.6) is
much stronger than (2.5) for 4, B for which the probabilities on the left
side of (2.5) are much smaller than the right side of (2.5). Weak mixing for
the Ising model has a variety of useful consequences, particularly in two
dimensions; see ref. 17. It was shown in ref. 3 that for the FK model in two
dimensions, exponential decay of either the connectivity (in infinite volume,
with wired boundary) or the dual connectivity (in infinite volume, with
free boundary) implies ratio weak mixing. In particular, for g=2 and
p > p.(2), exponential decay of dual connectivity follows from the known
properties (see ref. 18) of Gibbs uniqueness and exponential decay of cor-
relations for the Ising model at inverse temperature f* < f.(2) corre-
sponding to p* < p,(2). Thus we have the following.

Lemma 2.1. Suppose p > p,(2). Then the FK model P?2 on %(Z?)
has the ratio weak mixing property.

The following is an immediate consequence of the definition of ratio
weak mixing.

Lemma 2.2 (ref. 5). Suppose that the FK model P?? has the ratio
weak mixing property. There exists a constant ¢; as follows. Suppose r > 3
and 2, & = #(Z%) with diam(&) <r and d(2, &) = c,logr. Then for all
Ae%, and Be %,, we have

1PP2(4) PP*(B) < P*(A 1 B) <2P?*(4) P*(B).
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We write y < z for the event that y is connected to z by a path of
open dual bonds. For ¢ > 1, P?? has the FKG property (see ref. 11), so
—log P79(0* & x*) is a subadditive function of x, and therefore the limit

7(x) = lim — 11og PPa(0* & (nx)*), @2.7)

n— oo

exists for x € Q?, provided we take the limit through values of n for which
nx € Z2. This definition extends to R? by continuity (see ref. 2); the result-
ing 7 is a norm on R?, when the dual connectivity decays exponentially (i.e.,
7(x) is positive for all x # 0, or equivalently by lattice symmetry, 7(x) is
positive for some x # 0; we abbreviate this by saying t is positive.) By
standard subadditivity results,

PPI(0* & x*)<e~™™  for all x. 2.8)

In the opposite direction, it is known® that if 7 is positive (so ratio weak
mixing holds), then for some €, and c,,

Pra(0* & x*) =€ |x|"2e”™  forall x#0. 2.9

It follows from the fact that the surface tension 7 is a norm on R? with axis
symmetry that, letting e; denote the ith unit coordinate vector, we have

1 r(x)
f T(el) | |

A weakness of Lemma 2.2 is that the locations 2, & of the two events
must be deterministic. The next lemma from ref. 4 applies only to a limited
class of events but allows the locations to be partially random. For
€ 9 < B(Z*) we say an event A< {0,1}? occurs on € (or on €*) in
we{0,1}7 if " e A for every o’ € {0, 1} satisfying w, = w, for all e € %.
For a possibly random set & (w) we say A occurs only on F (or equiva-
lently, on #*) if w € 4 implies 4 occurs on & (w) in w. We say events A and
B occur at separation r in o if there exist €, & =« @ with d(¥%, &) = r such
that 4 occurs on 4 and B occurs on & in w. Let 4 o, B denote the event
that 4 and B occur at separation r. Let 2" = {e € #(Z%) : d(e, D) <r}.

For x a (regular or dual) site, we write C, = C,(w) for the (regular or
dual) cluster of x in the bond configuration w.

2 1(e;) forall x#0. (2.10)

Lemma 2.3 (ref. 4). Let P7? be an FK model on %#(Z?), with 7
positive and ¢ > 1, satisfying the ratio weak mixing property. There exist
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constants c;, €; as follows. Let 2 = #(Z?), x € (Z*)* and r > ¢, log |2|, and
let A, B be events such that 4 occurs only on C, and B e ¥%,,. Then

PP9(A o, B) < (14+ce~ ) P»9(A) PP9(B). (2.11)
Let Xy denote the line through x and y. Let
Hf={(x;,x)eR*:x,>a}

and let H,, denote the closed halfspace bounded by Xy which is to the right
as one moves from x to y.

Lemma 2.4 (ref. 5). Let P?? be an FK model on %#(Z?), with 7
positive and ¢ > 1, satisfying the ratio weak mixing property. There exist
€, ¢s such that for all x # y € R? and all dual sites u, v € H,,

. . €
P(u < vvia a pathin H,,) >|—3lcse
v—u

—t(v—u)

For the 7 of (2.7), with ¢ =2, the next lemma is an easy consequence
of the sharp triangle inequality satisfied by 7 (see ref. 14), which is obtained
from the exact solution of the Ising model on Z% We will not use this
method here, however, to help make it apparent that our results are not
specific to the Ising model.

For ue R* let D} and D, denote the diagonal lines through u and
u+(1, 1) and through u and u+(1, —1), respectively. Let T , denote the
triangle with vertices (—k, —N), (k, —N) and (0, —(N —k)). Note the
base of T'y , is in the bottom side of 4y and the other two sides are parallel
to the diagonals. Let T, i=2,3,4, be the corresponding triangles
(obtained by rotation) with bases in the left, top and right sides of A4,
respectively.

Lemma 2.5. Suppose 7 is a norm on the plane which has axis
and diagonal symmetry. There exists a constant €, as follows. Let 0 <k
<k+2m<Nandx=(x;, —N—3),y=(y;, —N—3) withx; < —k, y, >k,
andz=(z,,2,) € HfN,%\T}”%,k”er% . Then

(z—x)+1(y—2z) =2kt(e;) +€,m. (2.12)

Proof. If x, < —k—m or y,=k+m then t(y—x)=1(2Rk+m)e;)
and (2.12) follows easily. Hence assume |x,|, y, € [k, k+m). We may also
assume z; = 0.
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If z;, >y, then from symmetry and convexity we have t(z—x) >
7(y—x) and 7(y—z) = t(me;/2), and (2.12) follows easily. Hence we
assume 0 < z; < ;.

If z is above D/, let z' be the reflection of z across D;}. Then
2’ ¢ Ty jsom and 7(z'—x) =1(z—x), and it follows easily from symmetry
and convexity that t(y—z) = t(y—z"). Thus it is sufficient to prove (2.12)
for z’. Hence we may assume z is on or below D} .

Now let u=(u;,u,) be the reflection of z across D, and let
v = (v,, v,) be the point where Xz intersects D, . By the above assumptions
on z and simple geometry, we have x; <u; <v; and x, <u, <v,. Using
symmetry and convexity we therefore obtain

(z—x)=1(z—v)+1(v—x) = 1(z—0v) + T(U—X).
Since 7(y —z) = ©(y —u), it follows that

(z—x)+t(y—z)=21(z—v)+1t(u—x)+1(y—1u)

=
>em+1(y—x),

as desired. ||

For x, y e (Z%*,r >0 and G = R?, we say there is an r-near dual con-
nection from x to y in G if for some u, v € (Z*)* with d(u, v) < r, there are
open dual paths from x to # and from y to v in G. Let N(x, y, r, G) denote
the event that such an r-near dual connection exists. The following result is
from ref. 5.

Lemma 2.6. Let P”? be an FK model on %(Z?), with ¢ > 1, for
which 7 is positive. There exist ¢; such that if |x| > 1 and r > ¢4 log |x| then

PPI(N(0, x, r, R?)) < e "™ +er,

The next lemma shows that a dual connection via a site for which the
triangle inequality is strict by an amount ¢ > 0 has an excess cost propor-
tional to ¢.

Lemma 2.7. Let P?? be an FK model on %#(Z?%), with ¢ > 1, for

which t is positive. There exists ¢z as follows. Suppose x, y, z € (Z*)* and
t = ¢q log |y — x| satisfy |[y—x| > 1 and

t(z—=x)+t(y—z)=1(y—x)+t.
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Then
PPi(x & 2 & p) e 00w,

Proof. By Lemma 2.1, P”? has the ratio weak mixing property. Let
B=B,(z,3(z(y—x)+1)). Then provided c; is large,

PPz & BY < co(t(y—x)+1) e 00 <lem 093 (213)

Thus we need only consider paths inside B. Let €; > 0 to be specified and
consider w e [x & z & y] N N(x, y, €st, B\B,(z, t/5))°. For such w, there
exist z’, z” € d(B,(z, t/5) N (Z**) and paths x & 2, y & z” in B occuring
at separation €5¢. Now

(' —x)+1(y—z") z1(x—x)+1(y—2z)—2 <§+r(el)>> r(y—x)+%t,

so using Lemma 2.3, provided ¢ is large,
Pri([x & z& yin Bl N N(x, y, €st, B\B.(z, t/5))°)

<) 2PPYx & ) PPU(Z" > p)

210(B.(z, t]5) N (Z*)*)|? e "—0~1/2

<
<le——9-1/4 (2.14)

Next, provided €; is small, an application of Lemma 2.2 gives
PPY([x &z yin B] 0 N(x, y, est, B\B.(z, t/5)))
< P"U([z 45 B.(z,t/10)°1 N N(x, y, €st, B\B,(z, t/5)))
<2P"U(z ¢ B.(z,1/10)°) P*(N(x, y, €st, B\B.(z, t/5)))
< 2C10t€7t/10 efr(yfx)+07e5t

<ler—0-um, (2.15)

Together, (2.13), (2.14) and (2.15) complete the proof. |

3. PROOF OF THEOREM 1.1(i)
Let

A=Audd, AcZ>
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By a plus path in a site configuration ¢ we mean a lattice path on which all
sites z have o, = 1; minus paths are defined analogously. We write x < y
(x & y) for the event that x is connected to y by a plus (minus) path. For

& c Ay, the cluster of @ in a bond configuration w € {0, 1}#“¥ is the set
C(D,w)={xeA: inw,x— ®in B(Ay)}.
The plus cluster of @ in a site configuration g € X', is the set

C.(®,0)={xed: ing, xS &in B(Ay)}.

If 6, = —1, then of course C_ (x, o) is empty. The minus cluster C_(®, o) is
defined analogously.
For @ = 7? we define
0@) =) (x+[~331).
xed

Here x+[ —3, 3]* denotes the translation of [ —3, 3]* by x. For x € R* and

r>0 we let B(x,r) and B,(x,r) be the closed Euclidean ball and z-ball,
respectively, of radius r about x.

Fix f>f,,N>1 and Klog N <k <N, with K to be specified later.
Let p=1—e~# and j=(N—k)/4. We assume k and j are integers; the
modifications otherwise are trivial. Let Pj , denote the joint site/bond
distribution obtained using the percolation construction of the FK model,
for which the site marginal distribution is ,uﬁN,,,k,e and the bond marginal
distribution is P’jj’ ¢ (To avoid ambiguous notation we write Py ; for
Py.) We write (¢, ») for a generic joint configuration in X, x {0, 1} %
We call (o, w) allowable (under n*°) if P% ,((o, w)) > 0. Define the strip of
sites I'y by I'y = ([—k, k] x{—N—1})nZ? and let I';,i =2, 3,4, be the
corresponding strips of sites, obtained by rotation, in the left, top and right
sides of 04y, respectively. (We will refer to the side corresponding to
subscript i as the ith side of 4,, for general n.) Fori=1,2,31let I'; ,,, be
the set of sites in 04, which are between I"; and I',,,, in the obvious sense,
and let I'y s =1, , =1, be the set of sites in 04, which are between I,
and I';. We also include the appropriate “corner site” as an element of
I, .,eg,(—N—-1, —N—-1)erl,,. Let

r;,={xe(@»* ma/LH% : x is a corner of Q(y) for some yeI';,,}.

Let D, be the event that there is no plus-path in ¢ in #(4y) from I'; to
Ty« +3)5and D = i, D;.In the FK model, an event closely related to D; is

_ B(Ay) . T* * * : i
E ={we{0,1} ) ; i, ;&' in TlN+§,k+j+%}-
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We begin with a lower bound on the probability of E;. The main point is
that restricting the path to lie in T, e ) 4l does not excessively alter the
probability of an open dual path from T* FLito L

Lemma 3.1. Let p> p.(2). There exist ¢;, €; such that for N, k> 1
with ¢;; log N < N—k < N, and E, as above,

PE2 po(E) > 25 e .

Proof. We may assume i = 1 and k > ¢,, with ¢, to be specified. Let
m=c,, logk and n=|c,s log k|, where ¢,, > c,5 are to be specified and | - ]
denotes the integer part. Provided ¢, is large (depending on ¢,,), we have
m<j. Let x'=(—k—3, —N—3), y'=(k+3, —N—3), x=x"+(n,n), y=
y'+(—n, n) and let

={we{0, 1}7D:x& yin Ty o 0mO HEy,)-

By Lemma 2.4, for some ¢;,
PP (xS yin HYy,,) Z%e*”"(‘”). (3.1

Note this probability is for the infinite-volume limit. For each dual site
zeH? N+n\T}\,’ w+2m let F, denote the event that there exist open dual paths
x' &z y By (3.1),

PrYE}) > ;—’ ¢ ~2een _ pr.2 < U F) (2

2
ze(Z)* nHiN+n\TN k+2m

We wish to show that the second term on the right side of (3.2) is at most
half of the first term on the right side. Let @ = (Z*)* n B,(x, 3kt(e;)) N
H* . \Tx ts2m We have

pr < U F. ) < PP(x & B.(x, 3ke(e))+ ¥ PPAF,),

2 1
€@ OH N A\TY pom S (33)

By (2.8), provided ¢, is large,

cs

1
Pr3(x & B,(x, 3ke(e)))") < eygke 7 < ;—7 e @ (3.4)
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Fix ze ®. We decompose the event F, according to whether there is a
(¢¢ log 5k)-near dual connection from x to y in B(z, 3¢, log k)¢, where ¢, is
from Lemma 2.6 and c,; is to be specified. Let ¥, = B(z, ¢;; log k) n (Z»)*.
Using (2.8) and Lemma 2.2, provided ¢,; and ¢,, are large we obtain

PP2%(F, n N(x, y, cs log 5k, B(z, 2c,, log k)°))
< pr 2([2 & ay[z] N N(xa Y, Ce IOg Sk’ B(Z, 2cl7 IOg k)c))
<2PP%(z & 0W,) PPA(N(x, y, cs log 5k, B(z, 2¢,; log k)°))

1
< zclgke —5c177(ey) log ke —1(y—x)+cqcelog Sk

1
<ed c177(er) log k—2(k—n) T(‘-’l)’ (35)

where ¢, is from Lemma 2.6. Since |@)| < ¢,yk?, provided we choose ¢,; large
enough (depending on ¢,;) this gives

1
Y. P*X(F, A N(x, 7, ¢ log 5k, B(z, 2¢17 log k)%)) < 2 +-

“Ae) (3.6
ok 0

Next, let r = ¢4 log 5k and for ze @ let ¥V, = B(z, 2¢;; log k) n (Z*)*. We
have

Fz (-\N(X, )’, c6 lOg Sk’ B(Za 2C17 lOg k)c)cc U ([x<—>u] O [yHU])
u,ved¥, (37)

Now for u, ve d¥,
T(u—x)zt(z—x)—t(u—2z) = 1(z—x)—3c;;7(ey) log k
and similarly
(y—v) =2 1(y—z)—3c;7(ey) log k.

Hence provided c,, is large enough (depending on c¢;;), we obtain using
Lemma 2.5 that

(u—x)+1(y—v) =2(k—n) t(e;) +e,;m—06¢;7(e;) log k

> 2(k—n) ‘c(el)+%4m.
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Combining this with (3.7), Lemma 2.3 and (2.8), provided c¢,, and ¢;,/c¢;s
are large we get

PP%(F, " N(x, y, cs log 5k, B(z, 2c;, log k))°)
2PP2(x & u) PPy & v)
)

u,ved¥;
712 , —2(k—n)t(ey)—eqgm/2
O] e Ve

<
< e—2kt(e1)—64m/4, (38)

and then

Y. PP*(F, " N(x, y, cs log 5k, B(z, 2¢;; log k)€)°)

ze®

le
< c19k2€ —2kt(e))—eqm/4 <- =7

g e . (3.9)

Combining (3.2), (3.3), (3.6) and (3.9) we obtain

P> Z(El) 2 ch €_2k1(el).

Then from Lemma 2.2, provided ¢; is large,

1 €
4k

x O(E ) > e—2k1(e1)‘

AN'I

Let y, and y, be dual paths of (minimal) length 2x from x to x’ and from y

to y', respectively, in T, ;. ,,. Let E denote the event that all dual bonds
in y, and y, are open. From the FKG inequality,

e oEy) = Ph

> P} AN 7

leg
>-
Z 4 ks

ko(ETNEY)
Lo(EY) P2 ol EY)

AN,

AN 7

e —2k1(e1)a(p 2) 4n

and the lemma follows. |

For we E;, 0Q(C(I';, w)) includes a unique open dual path y,(w) in
TN+ i+ from I'_, ; to I'},,,. This path is “closer to I";” than any other
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open dual path in 4, ! from I'}_, , to I'},,,. Further, for fixed v the event
[7; =v] depends only on the bond/dual bond configuration in the closed
region, which we denote I(v), between v and the side of 0.4, s1to which v is
attached.

Let E = (\}_, E,, and suppose w € E. Let

4
R(w) = AN+;\ U 1(yi(w)).
i=1
Note 0 e R(w), and (under boundary condition #*° all the dual bonds
forming OR(w) are open in w. The latter means that for fixed U, condi-
tionally on R(w) = U the configuration on #(U) is the FK model with free

boundary condition.
Let

4
Yy = AN+;\ U T§V+%,k+j+%= Yy={xeYy:d(x,0Yy)>j}.
i=1

Let 0 < A < j to be specified, let w,, = (k+2j, — N +h), let 4;, be the verti-
cal line from w;, down to G;IN at (k+2j, —N) and let y,, be the vertical
line from w;, up to the diagonal Dy at (k+2j, —k—2j). Using axis sym-
metry we obtain 7 more corresponding points w;; and paths yx;;, 4;;, for
i=1,2,3,4and j=1, 2, with w; at distance / from side i of 4.

We want to show that with high probability, there are no open dual
paths starting from Yy, or from near y;;, which reach 0Yy. Let y,;;, v, be
the endpoints of the dual bond which is dual to the /th bond of x;;. Then

!
d(Yijm» 0Yy) = h+—~  forall i, j, I, m.

/2

For x e Yy let
Gx = B (x’ %d(x’ aYN)) N (Zz)*’
and define

Py =Ty¥n (2%
U{pym: 1<i<4j=1,2,1<I<SN—-h—k-2j;m=1,2}.

SupposeU > Y. Thend(G,, dU) = j/2forallx € Y'y. Henceusing Lemma 2.2,
provided K and 4 are large enough we get
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P52 ko(x & 0G, for some x e ¥y |w € E, R(w) =U)

=P}’ 2 (xS 0G, for some x € V)

< Z - P%ilz,f(x¢> 0G,)+ Z P%ilz,f(yijlm < aGy,j,m)

xeY’Nn(Z) i,j,l,m

< Z 2P"’2(x<i> an)+ Z 2Pp2(yzﬂm(_)a

Yy’ ZZ“ il
xeY\ N (2 i Lm

< |Y;Vﬁ (ZZ)*l e—]'r(m)/l_i_c20 z (h+l) e—%r(el)(h-H)

121

J’r]lm)

< (3.10)

N\'—'

Let F denote the event that x < 0G, for no x € ¥, and all bonds in 4, are
open for all i, j. If w € E n F, then there is an open circuit in Y, surround-
ing ¥, and for each i, a portion of this open circuit, together with 1,; and
Aip, forms an open path in T ;3 \Ty ;. ; from a site adjacent to I, , ; to a
site adjacent to I";;,,. When this occurs (with we EnF), we call this
circuit together with all 4;; a blocking pattern. Note the blocking pattern is
contained in R(w). We have using (3.10) and the FKG inequality that for
allU o Yy,

PI/’;NZ’ o(there is a blocking pattern in R(w) |w € E, R(w) =U)
= P}’ 2 ,(there is a blocking pattern in U)
> Pyl gz (F)
P}? 2 ,(all bonds in A; are open for all , j)
a( p, 2)%. (3.11)

>3

>3
But considering the cluster-labeling construction of the joint Ising/FK
configuration, we see that if the configuration w € E has a blocking pattern
in R(w) and all sites x in the blocking pattern have o, = — 1 (which occurs
with probability 1/2, given such w), then ¢ € D. Thus from (3.11), the
FKG property and Lemma 3.1, for some €,

1
Wiy to(D) 2 7 ol p, )™ Pi7 ol E) 2 e e =7, (3.12)

AN,

k4c13

We turn now to upper bounds on u” iy (0, D). Analogously to y;(w),
for e D, 0Q(C.(I';,5)) includes a unique open dual path y}(g) in
TN+ 34l from I'},,, to I'f_, ,, for each i. For fixed v the event [y =v]
depends only on the site configuration in I(v) N Z>.
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Suppose ¢ € 0,,D and ¢* ¢ D. Then for some i we have x € 0C (I}, 7),
and either x € 9T} ;,4;,, or there is an open dual circuit y in w outside
I(y}(g)) which includes an edge of Q(x) and surrounds some site outside
T’ 143 We can choose y to be the outer boundary of Q(®) for some plus-
cluster @ in ¢. In this case we call y an appendable circuit attachable at x.

According to Lemma 2.2, we can choose a constant ¢,; as follows. Let
Zit ={xeR*:d(x, T; ;) <cylog N} and Zy = |, Z5/™". Let Vypeeq be
the event that all bonds in {{xy): y€ Ay, x€I; ., for some i} are closed.
Let V., be the event that all bonds in %(Zz)\@(AN) are open. (Note the
boundary condition 7*° conditions @ on V., N Veeq-) Then for all events
A € G54,)\azy)> WE have

L PP 4) < PP A | Viged) < 2PPX(A). (3.13)

closed
We therefore call Z, the free-boundary influence region. In particular,
provided K is large (depending on c, ), using the FKG inequality and
(3.13) we have

Plj{]\/z,ﬂk’o(zé\l_l’i (i) Z%IH'I) = PP’Z(ZE'V_IJ é’ ZNH—1 | open N Vlosed)

SPP’Z(Z;I ' Zl l+1| losed)

< 2Pp,2(Z§V—1,z & Z;QH'I)

< sz(log N) e—Z(k—cn log N) t(e1)

< Neng 2@, (3.14)
Our main task is roughly to show, using Lemma 2.5, that the probability
for a connection I'}_, ;& I'} ., (specifically, part of y;(¢)) which does not
stay inside T L kr3jed is smaller than the right side of (3.12) by at least a
factor of e =%/, for some €,. We must decompose the event 0,,D into several
pieces according to the geometry of the sets C, (I";, ) and C(I;, w). The
most difficult case is that of leakage along the (free) boundary, in which

v (o) goes outside TNJr k34 by way of Z,,.
We define one more spemal dual path as follows. For @ = 4, let

C(P, w) = {x € Ay\Zy : in 0, x & D in B(Ay)\B(Zy)}.
If (0, w) is allowable and ¢ € D, then QQ(C’ (I';, w)) includes a unique open
dual path from Zi*' to Zi"' in B(Ay)\%B(Zy); we denote this path
7:(w). We have

Pi(@) S 1(7(@)) S I (@) & Tvyl ierajnd-
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Let u;(w) and v,(w) be the starting and ending sites, respectively, of 7;(w)
in Z%*! and Zi ", respecitvely. Also define

Wk,i*—l - {x € RZ : d(x’ Fi’i+1) < 2610j}3 WN = U W;;,'i+17
where €, is to be specified. Provided K is large enough (depending on €,
and c,,), we have Zi'*! c Wit

Case 1. Consider ¢ € 0,,D, and w with (g, w) allowable, for which
for some i there exist (in order) dual sites x, z, y € §;(w) with

(y—x) = (2k—2cy log N) t(e), (z—x)+1(y—2z) = 2k +4€,0j) t(ey).
(3.15)

We let 4, denote the set of (g, w) for which this occurs, let J; denote the set
of all (x,y,z) € (Tl ga343 0 (Z°)*)° for which (3.15) holds, and let J;
denote the set of all (x ¥, z) € J; which also satisfy

(y—x) = (2k+2€y)) t(ey).

As in (3.14), provided K is large enough (depending on €,, and c,;), using
(3.13), (3.14) and Lemmas 2.2 and 2.7 we get

4
PO(AI) < Z z Pljf;,;/‘"’(x &Sz yin T3v+%,k+3j+%\g(ZN)§

i=1 (x,y,2)el;

zZoh &z in Tﬁw #4343\ B(Zy) for all I # i)

4
<Y X 2PPAxdzdpinTh, s \B(Zy):

i=1 (x,y,2)el;
Zi & ZE N T 0,2\ B(Zy) for all I 1)
4
<Y )Y 16PPA(xSzSyin T§v+§,k+3j+%\93(zzv))
i=1 (x,y,2)eJ;

I PPAZ & Z i Tl ey \B(Zy))

I#i

i=1 (x,y,2)eJ} i=1 (x,y,2)eJ\J}
X (ch3 e—2k‘r(e1))3
< 16(4 |J’1| e—(2k+2€10]') w(er)
F AT \T| e~ Gkt oetni=2enlog Ny ey preng ~2kelen)) 3

< e—(8k+%510j) 1(61). (3.16)
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Case 2. Let
Ry = T;V+%,k+3j+% a (T§v+%,k+j+§ v Wy).

We may think of R} as a “triangle with feet.”” Let 4, denote the set of all
(0, w) €0,,D\A, for which, for some i, there exists a dual site
zeTY, Ly +%\Rﬁv which is either in y;' (o) or in some appendable circuit
attachable at some x € 0C, (I';, o). (In particular, we can choose z with
z & 0(B(z, €9 j) N (Z*)*) and B(z, 2€,yj) = Ay, 1.) Suppose (o, w) € A,. We
claim that B(z,2e€,j) nfi(w)=¢. For all uel},,, and vel} ,, by
Lemma 2.5 we have

t(z—u)+1(v—2z) = 2kt(e;) + €.

Therefore for all «' e Z4'*' v’ e Z;"" and z’' € B(z, 2¢,,j), provided K is
large (depending on ¢,;) and €,, is small (depending on €,),
(' —u) +1(v'—2") > 2kz(e,) +% €4J—2¢5(log N) t(e,) —4e€y jr(e,)

(2k+4e,j) t(ey).

AR\

Taking u' = u(w), v'=v(w) and comparing to (3.15) we see that since
(0, w) ¢ A, we cannot have z’ € §,(w), proving our claim. Therefore as in
(3.16),
4
P?V,k(AZ) < Z ) z _ PI/)fNZ,q"'O(Z & B(z, €,0j)°in B(z, €0 j+1),
i=1 ze (T5v+%‘k+3j+%\R§v) @

Zyh S Zytin T§v+§,k+3j+% N B(z, 2610 ) \B(Zy),
Zy S ZYTNIn Ty ey 3\ B(Zy) for alll # 1)

4
< Z Z 2Pp’2(z & B(z, €,0))°in B(z, €9 j+ 1),

i=1 ze(Thid k34 3\RY) 0 (2
oy il i )
ZiH S ZE N T 1 00 0 B(z, 2600 ))\B(Zy),
ZyM S ZE N in Tyl 50\ B(Zy) for all I # i)

4
<32 Z ) Z ) PP2(z & B(z, €j)°)
i=1 ze(Mhid kr3s3\RY) 0 (2
4
X Pp,Z(Z;’—l,I(i) Z%{l+l)

I=1
S [Tkl kasyed O (Z)H] Je 20T ¢ %e0)*
2’ 2

< e~ @+ienp e, (3.17)
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Case 3. Let A; =0, D\(A4, U 4,), and suppose (o, w) € 4;. In this
case, plus spins are “leaking along the boundary,” in the following sense:
for some i, we have y;"(¢) = R}, and either y;'(g) or some appendable
circuit y contains a dual site z € Wy, at one of the “toes” of R}, that is, in
the right or left side of T +1 k+3j42- Note that such a y necessarily has

PO Tyl ki3l < Ry, since (o, ) ¢ A,. We will assume z is in an append-
able circuit, attachable at some site x; the case of z € y; (o) is similar but
slightly simpler. From symmetry, we may also assume i =1 and z is in the
right side of T}, eyl We let A5(x, z) denote the event that A, occurs
with a specified choice of x, z, with i =1 and with z in an appendable
circuit, and let A5 =), , A5(x, z). We define 47(z) and A7 analogously for
the case of z € y;' (o).
The Ising model has the following ‘““bounded energy” property:

1
ﬂﬁN,nk-"(O'y=1|0w,W¢y)>W forall (a,,w#y). (3.18)
Given a site x, let w” denote the configuration given by

X
e

{0, if x is an endpoint of ¢;

w, otherwise.

Note that if (g, w) is allowable, then so is (¢*, ®*). Let
By =Bn{(y1, y,) eR*: y, <m} for m>0, BcR?
Iyy=([k k+2)x{-N}) nZ?,
Yo ={k+2j} x[ =N, —N+2¢,j]
and
C_(I'y 0 ={ye(dy)s: inc*, y o Iy, in (Ay)5)
For J = Z* define the boundary condition #*%7 by

‘o7 1, if uel; (3.19
et = :
n%°  otherwise.

Fix x, z and suppose (g, w) € A’(x, z). There is then a plus path in ¢* from
I'ytoy,,in Ry, and C_(I',,, c¥) is contained in the region between this
plus path and d(A4y);}5;. Since

|6é_ (fl,Za %) Ny ol < 264,
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using the “bounded energy” property (3.18) of the Ising model we have for
fixed J

PS, (0, w) € Ay(x,2), C_(I', 5, 6%) =J)

<SPS (C_(I'y,,0%)=J, and in 0", , —Le, & Z%!
in B(A\I)* O (RS-
and Zig "' & Z M in Ty, 4y \B(Zy) for 1 =2, 3, 4)

< c20ipS (C_(I),,0%) =J, andin 0, ¢, ,—L e, & Z4!
in B(Ay\J)* N (RN)}CT‘f],,
and Zi7 M & ZM in Tyt 400 \B(Zy) for1=2,3,4
ando,=1forall yey, , ndJ)

= ngmjﬂ:b?v,k(in 0% Y, —3 e & Zy'in B(ANT)* N (RN)}crinzr}ﬁ
and Zig M & Z in Ty, 4y \B(Zy) for 1 =2,3,4| C_(I',,09)=J
and o, =1forall y ey, n0J)
P UC_(I',,0%)=J and 6, =1 forall y € Y, , N 8J).(3.20)

Here y,,—ze; means the translate of y,, by —je;. When
C_ (F1 2, 07) =J, we have by definition ¢ =1 for all y € 0J N (Ay)i5; and
for all y el 1.2\J, so from the Markov property of the Ising model, the
conditioning on the right side of (3.20) is equivalent to conditioning on
o,=1forall ye Jurl 1.2- Therefore the first probability on the right side
of (3.20) is

PAN\(JuF1 Y /(in 0™, Yy, _Eel & Z?vl mn g(AN\(J Y Fl 2))*n (RN)}crinzcj——

and Ziy "' & Z M in Ty, 400 \B(Zy) for1=2,3,4). (3.21)
Let

Z = {xeR*:d(x, Fl,z\ﬁl,z) < ¢y log N},

Zy=2Z¥uZ¥uZyuZy,

where ¢, is from the definition of Z,. One effect of changing the measure
from P;? «oto P52 7, 7, ), 0 is to shrink the free-boundary influence region
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from Z, to Zy. More precisely, as in (3.16), we have using Lemma 2.2 that
(3.21) is at most
Pfi,vz\(fufl‘z),q"v‘”(in o, Zy' & 1,2 —3€) U 211\72
in B(AN\T U T\ 5)* 0 (RS -\ %(Zy) and
Zh & ZE i Tﬁwé,kﬂ%\%(zﬂ,) for/=2,3,4)
<16PP*(in %, Zy' & (Y, —3e) U 2}y

in B(AN\T U T\ 5)* 0 (RIS \B(Z,y))

4

PPAZIH & Z T in Tl 1y \B(Zy). (3.22)

1=2

To bound the first probability on the right side of (3.22), we observe that,
provided K is large, if ue Z%' and ve (Y, , —3e,) U Z}’, then

t(v—u) = (2k+2j—1—2cy log N) t(e;) = (2k+J) (ey).

Further, we can replace w* with w at the expense of at most a constant
factor. Therefore as in (3.16), the right side of (3.22) is at most

Co6 NZe —2k+j)) T(el)(chs e 72k1(el)) 3 S e 7(8k+%j) r(el)'
Plugging this into (3.20), provided €;, < 1/8 and K is large we obtain

N 1. A A~
P?V,k(A;) < z c350le ~®+2)) T(EI)P?V, H(C_(I'5,0%)=J)
x,z,J

e~ Gkraten, (3.23)

A similar proof gives the same bound for P ,(4%). Combining this with
(3.16) and (3.17) gives

Wi 20 D) = PR ((A; U 4, U 43) S e Srendwen, (3.24)

It follows easily from (3.14) that ,uﬁN,,,k.o(D) < 1/2. Combining this
with (3.12), (3.24) and (1.2) yields

A(AN, nk,o, ﬁ) <cy = |AN| Jes g —end < e—c1il2 — e—fll(N—k)/s,

which proves Theorem 1.1 for e = 0.
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4. PROOF OF THEOREMS 1.1(ii) AND 1.2

The FK measure corresponding to the boundary condition #* ' is

given (cf. (2.2)) by
}‘)‘1111,1\/2,;/(‘_1 = PI;{;,W( : | V(AN, ﬂk’ _1)):

where V(Ay, 7% ~") is the event that there is no open dual path from I'; to
I'; ;,, for any i # j. Our calculations, however, are facilitated by using a
different conditioning, as follows. Consider bond configurations on
AB(Ay.,). Let UT® denote the event that for all i, all bonds {xy> with
x, y e I'; are open, all bonds {xy) with x, y e I'; ;,, are open, and all other
bonds in #(Ay,)\%(Ay) are closed. The FK model P52, /(- |U™) cor-
responds to an Ising model p (- |U™"), where U"® is the event that
for all i, all sites in I"; have the same spin, and all sites in I, ;,, have the
same spin. Let L denote the event that for all i, all sites in I"; have spin 1
and all sites in I, ;,, have spin —1. Then

,uﬁNH,f(O'AN € - | L) =gy -

The measure P9, (- |a) eU™)=P%,, (- |c € U™™) gives the joint
construction, coupling P4’ (- |U™ ) and wh (U,
Foroe L, let

F=1{G,)):1<i,j<4,i<j},
Ay(o)={G,j))e F:T; T, in B(Ay)}.

As motivation, note we expect that, roughly,

Wiy /(Ay=F1L)x 1 if 2kt(e) > (N—k) (e +ey),

4.1
W /(A =¢| L)~ 1 if 2kt(e)) < (N —k) (e, +e,). @D
In the case 2kz(e;) = (N —k) t(e; +e,), we will bound the spectral gap
using in (1.2) the same event D as in Section 3, but in the opposite case we
replace it with a different event D= Ni_, D, i+1- Here D1 , 1s the event that
there is no minus-path in ¢ in %(Ay) from I'; , to (Sy%/,)°, where S}2, is
the square [m, N+1]x[-N—-1, —m], and D, ., S;,’j;‘ are the corre-
sponding event and square obtalned by rotation, for i =2, 3, 4.
Suppose first that 2kt(e;) > (N—k)t(e;+e,). Let x,=(—k—13,
—N-—}) and x, , = (k+3, —N—1). These dual sites are approximately at
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the ends of I",. We define corresponding sites x;; fori =2,3,4 and j=1, 2.
In place of the event E; of Lemma 3.1, we will use

Lo . * : i
E; ={w:x, & x5 10 Tyl i}

Lemma 3.1 and its proof remain valid for E; in place of E;, and the proof
of the lower bound (3.12) for uf (D) goes through with minimal
changes to give

. €
wh, . (DAL|U™™S) > ki e ~Skelen) 4.2)

The proof of (3.24) also goes through with minimal changes; in fact Case 3
can be made simpler using the fact that the boundary regions I"; ;,, are
each wired. (We will not do so here, since it is unnecessary.) The result is
that

/u/ﬁINH,f(ainD nL | UIsing) < e—(8k+513j) r(el)' (43)
Combining (4.2) and (4.3) gives

'uﬁN:’?k’ 7l(ainD) — luleH,f(ainD | L)
Wi (D) Wiy, r(DIL)
= Iu/ﬂiNJrl,f(ainD NnL | U‘Ising)
:uﬁNH’f(D N L | UIsmg)

€
< ﬁ e ~eniten) (4'4)

In Section 3 we easily obtained the lower bound ﬂﬁN’,’k,O(Dc) =1/2to
complete the proof. Here the situation is a little more complex. A lower
bound of the form

B D¢ L UIsing
ﬂ/;}NH,f( NL| Ismg) >0 @.5)
Wiy pr, /(D LI U™™)

for some @ is equivalent to the statement

6
’uﬁN’”k’_l(D )='uﬁN+1,f(D |L)>1+_0 (46)
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Hence we consider bounds for the numerator and denominator of (4.5).
Let F; 1 denote the event that x;, < x,,,, via a path in Sﬁv’m, and

F=(\{_,F, ;- We have

ﬂﬁNH,f(Dc AL | UIsing) > ﬂﬁN N f(D AL | UIsing)
> PAN . f(FlUFK) IPN+1 k(D ANL|FAU™). 4.7
It is Stralghtforward to prove an analog of Lemma 2.5 for Sy31 ,,,: in

place of T ! L omel Therefore mimicking the proof of Lemma 31 we
obtain

614 - - T(e e
Py (i |UFK)>me W=hytlerter) 4.8)
Then, analogously to (3.12), from (4.7),
. €
A e g o - L

Next we have, using (2.3) and Lemma 2.2,

Wy /(DA L|US)
< PAN+1 #(Xi2 € X4y in TN+ Jk+3j43 foralli|U™)
< 28P€1N2 W(Xi 2 € X;4p 0 TN+ k345 for all 7)
S2°PP2(x; 5 € Xppq,1 I Tyl g3 for alli)

< 2048 ~8k+en), (4.10)

Since 2kz(e;) = (N —k) t(e; +e,), (4.9) and (4.10) give

Wiy /(DS LI U™) S i
:uﬁNH,f(D AL I UIsing) = S(N—k)c” .

With (4.5) and (4.6), this shows

8 p €15

ity —1(D°) = T6(N —k)™"

which with (4.4) completes the proof of Theorem 1.1 for e= —1, as in
Section 3.
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The proof when 2kz(e,) < (N —k) (e, +e,) is similar, with the roles of
D and D interchanged, using squares S”'*' in place of the triangles " .

Turning to Theorem 1.2, Let us write x4 for p/ , and u’ for p/ . There
exists a constant M = M(f) such that for every oceZ,, we have
1'(6) < Mu(o). Therefore, for every nonnegative function g on X,

&y < Mgy,

Hence for f e L*(u') = L*(p),

var, (f) = {(f =)D <K =LD)Dw < M var,(f).

Interchanging the roles of u and u’ we see that the corresponding Dirichlet
forms &, and 9, satisfy

_gy'(faf)Z _M@”(f; f)

With (1.1) this proves (i), and (ii) is a straightforward consequence of (i).
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